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Abstract

Accurate prediction of the natural frequency of tapered steam turbine blade is of
considerable importance at the design stage of turbo machines to avoid any resonant
conditions leading to the consequent failure of blade due to fatigue. In the present work
mathematical modelling of the turbine blade is presented while considering potential energy
and Kkinetic energy. The applications of steam turbine blades and gas turbine blades are
increasing with time as the power generation industry is growing at a very fast rate.
Therefore, computational analysis at design stage is helpful to minimize the cost of design
and in return cost of production.
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INTRODUCTION

A lot of different studies have been
performed in  power E)Iant system
developments. Dev et al'¥! developed a
computational methodology for the
assessment of dual pressure non-reheat
combined-cycle power plant with change
in drum pressure. A GTA based
methodology was also proposed by Dev et
al ™ for the evaluation of combined cycle
power plant. Thermodynamic analysis of a
combined heat and power system was
carried out to study the effect of different
parameters on power plant performance by
Dev etal. &

Attri et alB#92A2485 developed
methodology based upon ISM and graph
theory for the performance evaluation of
different types of the systems. Dev et al. &
®1 developed a methodology for the
analysis of combined cycle power plant
performance based upon the combination
of graph theory and matrix method. For

the performance evaluation CCPP system
was divided into six sub-systems. [ @
These sub-systems were developed in such
a way that all of them were
interdependent.®®! In literature it is also
reported that the system structure
developed for the performance evaluation
for a power plant or some other type of
organization can be extended for the
evaluation  of  other  performance
parameters.*t!%

The decision making methodology
developed for performance evaluation of
combined cycle power plant was extended
for the evaluation of reliability and
efficiency. [**® Dev et al. ™ proposed
that reliability is dependent upon the sub-
systems. It is the reliability of individual
components which affect the reliability of
macro-system. Therefore, it is rudiment to
consider all of the sub-systems and their
interlinking while evaluating the reliability
of any system such as combined cycle
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power plantf™% In that work the
methodology developed for decision
making for combined cycle power plants
was explained with the help of two
examples. In those examples it was
demonstrated that how the effect of
environment could be incorporated in the
system, [2022]

For a power generation organization fuel
consumption is one of the foremost criteria
of efficiency evaluation. %! |t is stressed
in literature to develop a methodology for
the efficiency evaluation while considering
all  of the parameter and their
interdependence and methodology was
based upon the GTA and matrix method.
(26281 |n that work, the results obtained
with graph theoretic methodology, were in
line with the thermodynamic analysis of
the power plant. The methodology
developed in that work was extended for
the performance evaluation of other types
of the systems. (931

As the efficiency and reliability both were
calculated with the help of same
methodology, therefore, it was possible to
integrate the results obtained for the
efficiency and reliability. B! As a result
a common methodology was proposed for
the efficiency and reliability evaluation.
Problem of decision making is prevailing
in every kind of industry or organization.
[36-38] | decision making problems a lot of
options are available with the managers.
Each and every organization is having
many of its strength and weaknesses. %
“pecision about any problem is based
upon these strength and weaknesses.

GTA has been used by many researchers
for decision making in the different field
of science and technology. “**% In
literature many different techniques are
suggested for the decision making but
GTA is different from other decision
making techniques in the way of
quantifying the inheritance and

interdependencies. "% Dev et al (2014)
proposed that reliability of a gas turbine
system or combined cycle power plant
system is dependent upon their sub-
systems. The number of sub-systems is
dependent upon the  mathematical
complexity of the analysis. In GTA higher
number of sub-systems lessens the
complexity of analysis. It was further
proposed that reliability of individual
components affect the reliability of macro-
system that is gas turbine system or
combined cycle power plant system. 5%
Mathematical Modelling for the tapered
cantilever beam is presented in the next
section.

MATHEMATICAL MODELING

Rao and Rao originally give the direction
of energy expressions for a general
rotating blade. Displacements, strains and
stresses: fig (1) & fig (2) shows the
coordinate system used for an asymmetric
cross-section blade and the general
displacement of an arbitrary particle P fig
(3). x1 X1 and y1y; and nn and &§ are two
sets of coordinate axes passing through the
centroid G of cross section while xx and
yy are another set of orthogonal axes,
parallel to the x; x; and y;y: system and
passing through the shear center, O. It is
assumed that the center of flexure and the
torsion center are coincident.

Further it is assumed that the blade is
mounted on the disc periphery so that the
longitudinal axis, zz will be normal to the
disc periphery. The mn axis lies in the
plane of disc rotation and the &EE axes is
perpendicular to the plane of disc rotation;
thus ¢ is the stagger angle ry and ry are the
coordinates of shear center w.r.t. centroid.

The disc is assumed to rotate at an angular
velocity o. The initial position of P can be
described w.r.t. any one of the orthogonal
co-ordinate systems as P
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P(X’ Y’ .Z)OrF(Xl’ Y1 ' 21) OrP@, é:’ Z)

Thus

X=X+F,

- (1)
y:y_n

1=yCog-xSiry )
=y Sig+x Cog

o (4)

The general displacement of P consists of

translations about the xx and yy axes and

rotation about center of flexure, O. The
X

particle initially of P (-, - ) moves to Py,

due to rotation 6 about O resulting in an

inward displacement - 6 and an outward

displacement of X 0. It further moves
from P; to P, by an amount x and P, to P’
by an amount y. Thus, the displacement in
x and y directions are:

uX=X—9y=X1—y19 5)

X X
Uy=y+ - 0=y:+ 10 (6)

3

Fig. 1. Undeflected and Deflected Position
Undeflected and Deflected Position of the
Blade Mounted on a Rotating.

Fig. 2. Asymmetric Cross-Section Blade
Mounted on Disc Periphery) Disc With
Deflection in Z-Plane).

Here
X{=X+1r1y0 (7)
Yy1=Yy+1x0 (8)

In above equations, x and y are bending
displacements of shear center, O and x;
and y; are bending displacements of
centroid, G. Also we can write

Hn =1 +68 (9)
He=C=0m (10)

M =Y1C08 ¢-XySindp=Yycosd-xsinod+
a0 (11)

Where a=ryCos ¢ - ry sin ¢ (11a)
E=y1Sin ¢ + X1 COS ¢ (12)

The particle P after reaching P’ will further
more in the longitudinal direction due to
bending action by an amount (-)-(1 X»L_yl
y’1). The longitudinal displacement
consists of the contributions due to
bending, stretching of the centroidal
elements due to the rotation of the disc,
and warping. The warping function gives
an additional contribution of ¢. 6 where
o (X, y) is the warping function,
dependent on Xx, y co-ordinates and
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independent of 2, then longitudinal
displacement is given by

X y
Hz=- -1X1— " 1Y1+¢0:0 +u (13)

Where u = longitudinal displacement of
the particle on the line of centroid.

S~
N
P

yi

P
'

Fig. 3. Cross-Section of a Blade With
Coordinate Axis.

If the shear deformation effects are to be
accounted for, then the displacement in
longitudinal direction will be unaffected
by the shear slopes so shear slopes are to
be eliminated from total slopes in equation
(13) and the bending slopes must be used
instead of the total slopes.

Thus

bz xa @t )y ot ) g0
tu=-3¥Y-y1 Yo+ dc 0’ +u (14)

Where ¢1, ¢ = Bending slopes in x; and y;
directions respectively. The strains cannot
be calculated from the relation

1

eij= 2 (Ui + Uy) (15)

Therefore using ux, uy and u, non-zero
strains can be written as

1
Exz = ]2- {(X’l - lPl) + (d)ca X1 — yl) 9’}
= 24 - ¢2) + (0o X1 — Y1) 0’} (16)
1
€z = 2{(y’1- ¥2) + (e, Y1 + X1) 07

1
=2{y - )+ (o i+ x0) 07 (17)

€n=-X1V1-V1¥V2o+¢:07+u -Ta

=X =Y @72 (Gt Xa Yy - Y1 X) 677 F

u +ta (18)
et

where ¢, X1 = @(1

In equation (18) the thermal strain has
been taken in to account by assuming T to
be steady state temperature distribution.
Again in equation (18), The first and
second terms (-X, ¢‘1, — y1 ¢’2) represent
the fibre extensional strain due to bending
slopes alone and the third bracketed term
is the strain introduced due to warping and
coupling effects.

In deriving equation (16) to (18), the blade
is assumed to be straight, uniform and
untwisted. The stresses cannot be
calculated easily by using equation (16) to
(18) in the relation

Tij =2 GEjj+ed; A (19)

Where A = Lame’s constant = yE/(1+y)
(1-2y)

A simplified theory can be obtained by
assuming the position ratio (y) to be zero
in equation (19). The shear stresses thus
calculated are corrected by a shear
coefficient k to account for the non-
uniform shear stress distribution over the
cross section. The non-zero stresses, then
are given by
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T =KG {(X - ¢1) + (¢, X1 — Y1) 0’} =KG {(x’1 - ¥1) + (¢e, X1 — Y1) 6’} (20)
Tzy=KG {(y’ - ¢2) + (¢, Y1 + X1) 0’} + KG{(y’1 - ¥2) + (¢e, Y1 +X1) 07} (21)
T, = E{-X1 ¥, — V1 ¥+ (I)C 0”—-T oo+ u’} (22)

Assuming the blade to be untwisted and defining bending moments (My, My) and shear forces
(Vx, Vy) as

My = IA T, y1 dA=-Ely y1 W1— Elvixi W2 — My (23)
My = IA Tz X1 dA - Elyl yi1 'V’ — El y1 ¥’2 - Mty (24)
Vi = Ja Tox dA = kGA (X’ - 1) + 161 GO’ (25)
Vy = Ja T2y dA =kGA (y° - ¢) + 16, GO’ (26)

Normal force on a transverse section (N) is given by
N=EaT,dA=EA @ -at)+EIl¢cO” (27)

Here the quantities Mcx and My are thermal bending moments, IX:1X1, Ix1 Y1, | ¢ etc. area
moments and are given as

Jydr [ dA
Ixix1 = A |y1y1: A
| Xy dA
| EdTyd A |EdT' ¢y d A
Mex = A M =
|pdA | K(g, Yy +x)d A
|¢C: A |¢2: A
| K(gh, % —y1)d A [a2d A
1= A I¢C¢C: A

In the present case of non-uniform torsion, the net twisting moment consists of the
contributions due to the shear stresses T,x and Ty, and also contributions due to the shear
stresses developed along with the normal stresses induced by the non-uniform warping,
which will become clear once strain energy expression is written in next section. Timoshenko
showed by means of reciprocity theorem that the remittent moments due to normal stresses
induced by non-uniform torsion vanish, that is

Ixgh =) xghdA=] (x-1)¢t d A=0

gk = [ yihdA=[(y—ry)k d A=0
A A (28)

These equations in conjunction with equation (1) & (2), give the co-ordinate ry, ry once the
warping function is chosen as

|Xa dA |ya dA

T4 dA 14 dA
= A , ry = A
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VARIATIONAL FUNCTIONAL
The variational functional is defined as

-t v~ | o .
I — 1% 1% Si
R Tj g dv
v = Contribution of strain energy
US(TU- )dV: contribution of complementary energy

14

v B;u;j d v = energy associated with body forces

5 T; u; d s = energy associated with surface tractions

Since complementary energy functional has to be written in terms of the stresses, the
variational functional permits independent variations of both the stresses and the
displacement simultaneously which leads to a better approximation of both of these fields.

Strain Energy Functional

Y Tij €ijj dv= 11 (Tzz €+ 2Ty €+ 2 sz Ezy) dA dZ

On substituting the strain € from equation (16) to (18) in above equation and performing
necessary calculus, we get

Y Tjeid v= 0 {-My¢'1 =My §’a + Vx (X - ¢1) +Dy) (7 - 42)
+T00-T,07+G I(bcx (x’-¢) 0+ Glgcy (v’ - ¢2) 0°}dz

Where T¢ 0> =T, 0 Tze”—(cle)e’—(cze)e”
X—=V, |+ + A
Where C; = KG Ai@l yl)z ¢:,y Xl)zh
7[(¢C +x]y—y1x)2dA
Cz =E

Where T¢0’ represent the strain energy due to torsional, thermal and warping twisting
moments (TO). Now neglecting the coupling effects between the bending, warping, torsion
and shear terms, we get a simplified expression of follows:

[ [y bt (-p) T} 2
v o gpdvs= (30)
Complementary Energy Functional

None, the stresses given by Equations (20) to (22) are rewritten as follows in terms of
equation (23) to (26)
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= (Vi/A) + KG {(¢c1 X1 —y1) 6 — (|¢1 0’ /KA)}
sz = (Vy/A) + KG {((I)Cl Y1— Xl) 0’ — (|¢2 0’ /KA)}

vy ypea—Merxav |, [vxexlyms -y L gy g
(i X1X1|YJY1—|X21Y1) “x1x11 Nyy —I%yl }

Ty =-

Substituting these equations in complementary energy functional & performing necessary
integration by parts, we get

L Ly — 1501

b+ e (9)2 (3(9)2 (Zcx+l¢§y)jz

+ 2KGA

Further making the assumption that the coupling terms of warping, bending, torsion and shear
are negligible we get

MAyy, ~ MM M2, T VR V-8
I\é (T5) av H %’]élﬁxm’ W B, ) +A o e (12

(31)

Body Forces and Surface Tractions

The gravitational and thermal forces as
well as the inertia forces developed due to
rotation of blade - disc assembly
contributes to the body forces that are
distributed over the volume of the blade
material.  Generally the effect of
gravitational forces on a non-rotating blade
can be ignored by measuring the energies
associated with the vibration of the blade
about the static equilibrium position, and
the corresponding procedure is understood
to be applied here for rotating blade. The
surface fractions that are likely to be

[T ds=I(Lxx+ Ly+ LH)dz

present in the turbo machine blade include
the aerodynamic forces and moments,
steam or gas bending pressure or a host of
other phenomena due to the flow of the
fluid relative to the moving or stationary
blade moves. These forces may be
unsteady but for the sake of simplicity and
generalization, such external forces are
assumed to be steady and thus being
independent of time, can be represented by
the intensities of distributed load and
moment, Ly, Ly and M, acting through or
about the elastic axis. The work done by
these external forces is then given by

(32)

And a large number of coupling term between warping & now by neglecting body forces &
surface tractions shear and further assuming that blade is untwisted and that the energies
associated with asymmetry are negligible and substituting equation (30) & (31) in equation
(29) we get variational functional as

Iwwm ()Y (Y ) -Tf+

IR:_
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M)%Iylyl_zwlxlvlyl xl+T(92 V2+V2d
ZEU XX I W lel ) 2C ZKGA

(33)

Equation (33) gets amplified further if we assume asymmetry in yy — direction only, in which
case x and y deflections get uncoupled and I y1 Will vanish because of the symmetry in one

My =Q

plane and also \VX =0

The resulting expression is

_ nl\/lxqg—vy(y'—@) o+ '\é'f T AjLiz

Ik =—

(34)

Kinetic Energy

The Kinetic energy of a blade mounted on a disc rotating at an angular velocity on consists of
the contributions due to translational and longitudinal inertias and also the contributions due
to centripetal and Coriolis effects. The gain in Kkinetic energy due to centripetal effects is
given by

1% r+u,F +

Where R = Disc radius and & = mass density
The gain in kinetic energy due to Coriolis effects is

) I [ EA[UW(R+z+uZ)2}jAdz

A

Tee = (R+z+u)’]dAdz

c0 —

The gain in kinetic energy due to Coriolis effects is

I[
Teo = [uy(R+2z+u;) —(n +uy) u] dA dz

The kinetic energy due to translational and longitudinal inertias is

- %”J&M dVZ%.[J.J;é{U3+U§+U§}1V: % H5{U3+U§+u§]dAdz

Now as we are considering only static deflection of blades to neglecting K.E’s due to
centripetal effects and Coriolis effects. K.E. is given by

%mé(uﬁ +U2 +u§) Ad
T=20A =
%I[m% HMY M+ MU+ (¢ +1,6)2 MY +1,0) +my, (O F HZ

None if one assumes symmetry in one plane only i.e. ry = 0, and neglecting effect of warping,
we get K.E. as
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ﬂ&‘(yﬂ 6?)2+de2+ % (g +, 6’)2}1

T=

Here m = 6A, mp = 3Ip, Mxix1 = 8 xax1, X1 = (Y + rx 0)

So if one assumes symmetry in one plane only i.e. ry = 0, one obtained coupled bending —
torsion vibrations in (y - 6) and uncoupled flexural vibrations in x z — plane. For this
particular case with ¢ = 90° the dynamic variation functional Lg can be written by
subtracting equation (34) from (35) for the coupled y - 6 vibrations as

LR =T- IR

éu‘(y+ r,6f +d— él)gxl (6?2 + 9)+ M4

. y T2 P

W Ty ZEL T
Lr= (36)
The time averaged value of the dynamic variational functional can be given by
Z’IFI'—IR)jt

IR =

1] Dy+507+ 9P + 55 (¢ +1,.0F +Mgh N

M T2 P2
Yy —¢)-T,0 + +

e KGA 2E L, -

CONCLUSION

In the present work a methodology is
presented for the prediction of vibrations
in tapered cantilever beam. Accurate
prediction of the natural frequency of
tapered steam turbine blade is of
considerable importance at the design
stage of turbo machines to avoid any
resonant conditions leading to the
consequent failure of blade due to fatigue.
In the present work mathematical
modelling of the turbine blade is presented
while considering potential energy and
kinetic energy. The applications of steam
turbine blades and gas turbine blades are
increasing with time as the power
generation industry is growing at a very
fast rate. Therefore, computational
analysis at design stage is helpful to

minimize the cost of design and in return
cost of production.
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