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ABSTRACT 

In this paper, a theoretical investigation is carried out on the use of artificial surface roughness 

for enhanced heat transfer and thermal management of cylindrical micro-fins with artificial 

surface roughness. The developed thermal models which are solved using Galerkin method of 

weighted residual, considered variable thermal properties according to linear, exponential and 

power laws. The approximate analytical solutions are used to carry out parametric studies and 

to establish the thermal performance enhancement of the rough fins over the existing smooth 

fins. Following the results of the simulations, it is established that the thermal efficiency of the 

micro-fin is significantly affected by the geometric ratio, nonlinear thermal conductivity 

parameter, thermo-geometric parameter and the surface roughness of the micro-fin. The 

results showed that geometric ratio and the surface roughness of the fin enhance the thermal 

performance of the micro-fin. The fin efficiency ratio as established in this present study is 

found to be greater than unity when the rough and the smooth fins are subjected to the same 

operations with the same geometrical, physical, thermal and material properties. Therefore, 

enhanced heat transfer and improved thermal management of electronic and thermal systems 

can be achieved through the use of artificial rough surface heat sink fins. 
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INTRODUCTION 

The quest and the production of high-

performance electronic systems come with 

inherent thermal challenges. Considering 

the thermal challenges for the present and 

the next-generation electronics systems [1], 

the need for combating the heat generation 

has been increasing. Effective cooling 

technology or thermal management of 

microprocessors in most electronic devices 

including notebook and computers and in 

various thermal devices or componens in 

thermal equiptment has been one of the 

ultimate goals of the present advanced 

technology designers in electronics 

productions and design of thermal systems. 

To achieve the goals, both active and 

passive modes of cooling technologies have 

been deployed. However, the active modes 

of heat transfer enhancement or 

augmentation such as fans, blowers, fluid 

vibration, surface vibration, suction and jet 

impingement and electrostatic fields have 

proved not to be economically viable due to 

their operating costs. As alternative means 

of thermal cooling, the applications of 

passive methods such as extended surfaces 

and treated surfaces have shown to be very 

effective thermal management technology 

[2]. As one of the passive modes of the 
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thermal cooling technologies, fins or 

extended surfaces have used to enhance the 

rate of heat transfer from thermal and 

electronic systems. Ligrani et al. [3] 

presented a comparative study on different 

techniques for heat transfer augmentation. 

With the applications of extended surfaces, 

high thermal performance in both electronic 

and thermal systems have been recorded [4–

16]. However, the quest for more highly 

efficient heat sinks or fins with reduced 

thermal resistance, i.e. lightweight, 

continues. In such search for an increased 

high performance, in their investigations, 

Zhou et al. [17] and Ventola et al. 

[2]advocated for the use of artificial surface 

roughness for transfer enhancement through 

extended surfaces. Moreover, the potential 

of enhanced thermal management and heat 

transfer augmentation of surfaces with 

artificial roughness have been evidently and 

experimentally reported. Consequently, 

different methods have been proposed and 

used to produce artificial surface roughness 

in heat transfer surfaces [18–22]. On 

paramteric studies, Bahrami [23] presented 

a study on the effects of random rough 

surface on thermal performance of micro-

fin, while Diez et al. [24] applied power 

series to analyse the thermal performance of 

rough micro-fins of three different profiles, 

namely hyperbolic, trapezoidal and concave. 

However, apart from the fact that the 

analysis of the later authors only considered 

thermal performance conductive–

convective fins, it was based on assumed 

constant thermal properties. Such an 

assumption is not valid when a large 

temperature difference exists between the 

fin base and its tip. To the best of our 

knowledge, a study on the enhanced thermal 

heat transfer and improved management of 

micro-fins with artificial surface roughness 

and variable thermal properties using 

Galerkin method of weighted residual has 

not been carried out. Therefore, this paper 

presents a study on the application of 

artificial rough surface fins for heat transfer 

enhnacement and improved thermal 

management of thermal systems using 

cylindrical rough pin micro-fins with 

variable thermal properties. Also, effects of 

roughness, variable thermal performance, 

convective heat transfer, radiative heat 

transfer on the thermal performance and heat 

transfer enhancement of themal systems are 

investigated theoretically.  

 

FORMULATION 

Consider a heat sink made up of a rough 

cylindrical micro-fin shown in Figure 1. 

Assume the fin is of dimension L and t, and 

exposed on both faces and subjected to a 

convective–radiative environment with 

temperature Ta, whilst no thermal contact 

resistance exists at the fin base. 

 

 
Fig. 1. (a) A motherboard of an electronics made up of heat sinks. (b) Schematic diagram of 

heat sink fin. (c) Schematic of a rough surface heat sink. 

(a) (b) (c) 
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For the one-dimensional heat flow and following the assumptions stated above, the governing 

equations for the heat transfer in the fin is  

( ) ( ) ( ) 0.c

d dT
k T A h T P T T

dx dx


 
− + − = 
 

     (1) 

The boundary conditions are given as 

0, .

, 0.

bx T T

dT
x L

dx

= =

= =
       

(2)

 

The thermal conductivity of the micro-pin-fins can vary linearly as  

( ) (1 (T T )),ak T k  = + −       (3a) 

or exponentially as  
( )

( )
T T

ak T k e −
= .       (3b) 

The convective heat transfer coefficient will vary as  

( )

n

b

b

T T
h T h

T T





 −
=  

− 
.       (3c) 

Substituting Equations (3a) and (3c), Equation (1) becomes 

( )

( )
( )

( )

22

2

12

2
0.

c c
a a c a a c

n

b

a c n

b

d A d AdT d T dT dT
k k A k T T k A

dx dx dx dx dx dx

h P T Td T
k A T T

dx T T

 





+







 
+ + − + + 

 

−
− − =

−

  (4) 

If the thermal conductivity varies exponentially according to the law
( )

( )
T T

ak T k e −
= , we have 

( )

( )

12 2
( ) ( ) ( )

2
0.

n

bT T T T T Tc
a a c a c n

b

h P T Td A dT dT d T
k e k A e k A e

dx dx dx dx T T

    

+

− − −



− 
+ + − = 

  −
 (5) 

 

Table 1. Heat transfer modes constants. 

Heat transfer mode 

Multi-boiling 

heat transfer 

constant, n 

Laminar film boiling or condensation 

Laminar natural convection 

Turbulent natural convection 

Nucleate boiling 

Radiation 

Constant heat transfer coefficient 

-1/4 

1/4 

1/3 

2 

3 

0 

 

MATHEMATICAL MODELS FOR 

THE SURFACE ROUGHNESS 

In order to develop mathematical models 

for the rough surface, it was assumed that 

the rough micro-fins have a random surface 

roughness that obeys the Gaussian 

probability distribution both in angular and 

longitudinal directions, as shown in Figures 

2 and 3. Such an assumption is in line with 

the assumption in the work of Bahrami et 

al. [23] and Diez et al. [24]. Following the 

work of Diez et al. [24], it can easily be 

shown that 

 

 
Fig. 2. Details of a cross-section of 

generic pin fin of variable profile and 

rough surface. 
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Fig. 3. Details of longitudinal section of a 

generic pin fin of variable profile and 

rough surface. 

 
2

( )
1 2 ,

( ) ( )

c

c

A x

A x r x

 
= +  

 
   

(6)
 

( ) ( ) 22 2 1 ,c c r
dA dA

x m r x m
dx dx

   + = +

(7) 

( ) 2( ) 2 1 ,cP x r x m
d

dA

x
=  +  (8) 

where, for a smooth perimeter, 

( )( ) 2 ,P x r x=  

( ) 2( ) 1 ,P x P x m= +    (9) 

and the mean absolute surface slope of the 

roughness component is given as 

( )

0

1
.

L

br r
m dx

L dx


 −
=     

(10)
 

Taking the relative roughness as ℰ, by using 

the radius at the fin base, we can define the 

roughness ratio as 

.
br


=     (11) 

On substituting Equation (11) into Equation 

(6), we have  

( )
( )

( )

2

21 2 .b
c c

r
A x A x

r x

  
 = +      

 (12) 

 

Substituting Equations (7)–(9) and (12) into 

Equation (5), we arrived at an energy 

equation for rough micro-fin as 

 

( )

( )

( ) ( )
( )

( )

22 2
2

2 2

22 2

2

12 22 2
2

2 2

2 2

2 2

1
2 0.

c b c
a c c

b
c c

n

bb
c c n

a b

dA r dAdT dT d T d T dT
k rm A A T T

dx dx dx dx dx dx dxr

rdT dT dT
rm T T A A

dx dx dxr

h P m T Trd T d T
A T T A T T

dx dx kr T T







  

    

  





+



 



 
+ + + + − 

 

    
+ − + + +    

    

+ − 
− + − − = 

  −
  

(13) 

For cylindrical coordinate, cA  is constant; therefore, 0cdA

dx
= , 

where 𝑟𝑐̅(𝑥) = 𝑟𝑏, (x) 2 bP r= 2and (x)c bA r= .  

Substituting these into Equation (13),  

( )

( )
( )

( )

2 22
2

2 2

12 22 2
2 2

2 2

2 2
2

1
2 2 0.

c c c c
c

b b

n

bc c c
c n

b a b

m dT m dT dT d Td T
T T

dx r dx r dx dx dx

h P m T TdT d T d T
T T

dx dx dx r k T T

 




 

    



+







 
+ + − + + + 

 

+ − 
+ − + − = 

  −
  

(14) 

Also, for the rough micro-fins with exponentially varying thermal conductivity, we have  

( )

( )

22 2

( ) ( ) ( )2

12 22 2
( ) ( ) ( )2

2 2

2

.
1

2 2 0

T T T T T Tb c
c c

n

bT T T T T Tb
c c n

a b

r dAdT dT dT
A e A e e

dx dx dx dxr

h P m T TrdT d T d T
rm e A e A e

dx dx dxr k T T

  

  



 

 

  

  

− − −

+

− − −



     
+ + +     

     
 

+ −  + + − =    − 

 (15) 
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For cylindrical coordinate, we arrived at 

( )

( )

2 2

( ) ( ) ( )2

122 2
( ) ( )2

2 2

2
2

2 1
2 0.

c c c

c c

T T T T T Tc c c

b

n

T T T T b cc c

n

a b b

dT dT m dT
e e e

dx dx r dx

h m T Td T d T
e e

dx dx k r T T

  

  

 



  

 

− − −

+

− − 



   
+ + +   

   

+ −
+ − =

−

   (16) 

Introducing the following dimensionless parameters into Equations (14) and (15),  

( )
2

22, ;  ,   ,   ,   ,   b
c

b

a
c

a ba

c

h L
T T M

T T x x
X m

T T L rk r
   

−
=− == =

−
==   (17) 

we arrived at the dimensionless governing equations as for the rough micro-fin with linearly 

varying and exponentially varying thermal conductivity, respectively, as  

 
22 2

2

2 2

2 2 2
2 2 2 2 1

2 2

2 2
2

2 2 2 1

c t c c t c c c

b b

nc c c
c c c

d m z d m z d d d

dX r dX r dX dX dX

d d d
M m

dX dX dX

  


 

      
 

  
      +

 
+ + + + + 

 

 
− + − + 

 

   (18) 

and  
2 2

2 2
1

2 2

2 2

2 2 0.

c c c

c c

c c c
c c

nc c
c c c

d d d
e e e

dX dX dX

d d
e e X

dX dX

  

 

     

 

   

  
   

 
  +

   
+ + +   

   

+ − =

     (19) 

If the fin is smooth and the thermal conductivity varies linearly, we have 

 
22 2

2 1

2 2
2 0.nc c c

c

d d d
M

d d d

  
  

  

+ 
+ + − = 

 
      (20) 

 

For the smooth fin with exponentially varying thermal conductivity, 
22

2 1

2
2 0.c c nc c

c

d d
e e M

d d

  
 

 

+ 
+ − = 

 
       (21) 

The dimensionless boundary conditions are given as 
0, 1,

1, 0.

X

d
X

dX





= =

= =
        (22) 

In this work, the geometric ratio is given as .
r

L
 =  

 

METHOD OF SOLUTION: GALERKIN METHOD OF WEIGHTED RESIDUAL 

The equations derived for the different profiles are nonlinear equations and it defiles the use of 

any closed form of solution. For this reason, an approximate analytical method or numerical 

method is ideal for solving such problem. In this study, the Galerkin method of weighted 

residual, which is a simple and powerful approximate method, has been chosen for use in this 

work. The developed thermal models are solved semi-analytically using Galerkin method of 
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weighted residual. The procedures, applications and advantages of method can be found in 

Sobamowo [25] and Sobamowo et al. [26].  

 

In this work, a quadratic trial solution of this method is adopted. The procedure of the method 

is described as follows: 

The quadratic trial solution equation is given as 
2

1 2 3 ,X X   = + +        (23) 

where 
 ~    or  .x     

And considering the boundary condition, 

( )2 2

3.1 2 2      = − − + −
 

     (24) 

For the smooth surface with constant thermal properties, 
2

1
2 2 2

20
( (2 ) (2 ) ) 2 ,c

c c

d
M

d


    



 
− + −  − 

 
     (25) 

which gives      

( )( )
1

2 2 2 2 2

3 3
0
( (2 ) (2 ) ) 2 2 1 ( (2 ) (2 ) ) .cM         − + −  −  − − + −   (26) 

 

From Equation (26), we arrived at 

2 2

3
2 2 4 3 2

2
2 2

3
.

17 4
2 4 2 4 6 4

15 3

c

h

M

M

 



     

 
− + 

 =
 

− + − + − + + 
 

    (27) 

 

After substituting Equation (27) into Equation (24), we arrived at 

2 2

2 2

2 2 4 3 2

2
2 2

3
1 ( (2 ) (2 ) ) .

17 4
2 4 2 4 6 4

15 3

c

c

h

M

M

 

    

     

   
− +   

   = − − + −
   − + − + − + +   
   

(28)

 

Similarly, for the for the rough surface with constant thermal properties, 

( )

2

2 2

2
2 2

2
4 3

3
2

3 3 10
1 ( (2 ) (2 ) ) .

4 (3 6 2)
2 4 2 4 1

3

16 8 8 4
2 4

3 3 15 3

c

c

c
c

c

X

X

 

    
  

    

 
 

  
  
  
   

− +   
   = − − + −

  − +
− − − + + +  

  
   

− + − + +   
   

  (29) 

For the smooth surface with linearly varying thermal properties, 

( )( )2 2

31 ( (2 ) (2 ) ) ,c     = − − + −      (30) 

where 
22 2 2 2 2 3 2 4

2

3 22 6 2 4 2 3 2 2 2 2
2 5 4 3

512 58 14 8 2 2
2

4 5 105 2 3 3 3 2 3

20 16 172 49 188 62 116 65
4 4

3 5 15 7 7 126 3 3 15

c

M M M M M
R

M M M M M M
M

  

  
 

       
 


       

    

+ + − + −  + − + − +

=

− + − + − + − + − + − +
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and 
2 4 3 22

2 4 2 3 2 2 2

2 2 2 2 2
4 3

4 4 4 3 4 2 4 4 2 6

2

152 608
4 5 2

4 45 45

1924 3032 848 62
4 16

105 315 525 3

28 41 52 208 172 472 194 16

2 3 3 1575 1575 945 4725 11025 3

32

c

M M

M M M

M M M M M M
R

M

  
   

   
 

 

   
       

      
   

      



− + − + + − +

− + − + − +

= − − + − + − + −

0.5

2 4 2 3 2 2 2 2
5 4 3

2

.

3472 4288 19984 2272 928
4 16

45 45 315 105 315

64 32 16

3 3 9

M M M M M   
 

 

 
 
 
 
 
 
 
 
 
 

+ − + − + + − 
 
 
+ − + 
 

 

 

In the same way, we derived the solution for 

the rough surface with variable thermal 

properties; however, they are too huge to be 

included in the paper. 

 

FIN EFFICIENCY 

The enhanced thermal performance of the 

micro-fin with the artificial surface could 

be established through the determination of 

the fin efficiency as this is considered as the 

key performance indicator in the analysis of 

fin thermal performance. In addition, 

following the definitions from our previous 

publications [25, 26], it could be deduced 

that the efficiency of the fin is given as 

( )( )

( ) ( )
0

max

.

L

a

f

b a

Ph T T T dx
Q

Q Ph T L T T


−  
= =

−


 (31) 

 

Applying the dimensionless parameters, it 

can be shown that the dimensionless form 

of the efficiency is given as  

( )1

max 0

.

L
f n

c

Q
X dX

Q
  += = 

  (32) 

 

Ratio of the efficiency of the rough fin to 

the smooth fin can be stated as 

( )

( )
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0

1
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.
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n
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nsf

sf

X dX

X dX



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+

+

=



   

(33) 

RESULTS AND DISCUSSION 

Figures 4–9 depict the results of the 

Galerkin method of weighted residual. In 

Figure 4(a, b), the effects of geometrical 

ratio and nonlinear thermal conductivity 

term on the temperature distribution and, 

consequently, the heat dissipation capacity 

of the rough micro-fin. Although, it is 

shown in the figures that increase in the 

nonlinear thermal conductivity term causes 

an increase in the temperature distribution, 

it could be inferred as indicated that, as the 

geometrical ratio increases, the temperature 

of the micro-fin drops further which depicts 

enhanced thermal performance in the fin.  

 

Effects of thermal conductivity of the rough 

micro-fins on the temperature distribution 

are displayed in Figure 5(a, b), when the 

thermo-geometric parameter is 0.5 and 1.0, 

respectively. It is indicated in the figure that 

the increase in the nonlinear thermal 

conductivity parameter reduces the rate of 

heat transfer in the micro-fin as the 

temperature of the fin drops when the value 

of the nonlinear thermal conductivity 

parameter increases. This same trend is 

recorded for the study of the effects of the 

thermo-geometric parameter on the thermal 

performance of the fin as shown in Figures 

6 and 7. It should be noted that this result 

also represents the effects of increased 

thermal conductivity as depicted using 

different materials for improving the 

performance of the fin. 
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Also, it is shown in Figures 6 and 7 that the 

thermal efficiency of the micro-fin is 

significantly affected by the geometric 

ratio, nonlinear thermal conductivity 

parameter and the surface roughness of the 

micro-fin. It is indicated that geometric 

ratio and the surface roughness of the fin 

enhance its thermal performance. In 

addition, it could be said that the artificial 

rough surface creates a thin or thick layer 

on the fin (depending on the thickness of 

the roughness) and the base of the rough fin. 

This layer increases the thermal resistance 

of the solid–fluid interface with the heat 

flow thereby resulting in a higher 

temperature at the surface of the fin.

 

  Fig. 4. Effects of fouling Biot number on fin temperature when (a) β = 0.3 and (b) β = 1.0.
  

  Fig. 5. Effects of β on fin temperature when (a) Mc = 0.5 and (b) Mc = 1.0. 

 

  
Fig. 6. Effects of geometrical ratio on fin 

efficiency. 

Fig. 7. Effects of thermal conductivity and 

surface roughness on the efficiency of the 

micro-fin. 
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Fig. 8. Effects of thermal conductivity on fin efficiency ratio when (a) M = 0.5 and M = 1.0. 

 

  Fig. 9. Dimensionless temperature distribution in the fin when (a) M = 1 and (b) M = 3. 
  

Figure 8(a,b) shows the effects of thermal 

conductivity and artificial surface 

roughness on the fin efficiency ratio. The 

fin efficiency ratio, which is the ratio of the 

efficiency of the rough fin to the efficiency 

of the smooth fin, is shown in the figure to 

be greater than unity. This depicts an 

enhanced thermal performance in the rough 

fin as compared to the smooth fin. The 

surface rough roughness of the fin increases 

the thermal efficiency of the fin due to the 

increase in temperature uniformity in the 

rough fin and increase in the temperature 

difference between the rough micro-fin and 

the bulk temperature.  

 

Effects of multi-boiling constant on the 

temperature of the fin are shown in Figure 

9(a, b). For the different values of the multi-

boiling constant, it is depicted that the 

temperature distribution falls 

monotonically along the length of the 

extended surface. Also, the figure shows 

that more heat is transferred to the 

environment through the fin at the lower 

values of the multi-boiling parameter than 

at its higher values. 

 

CONCLUSION 

In this work, a study on enhanced heat 

transfer and thermal management of 

cylindrical micro-fins with artificial surface 

roughness has been presented using 

Galerkin method of weighted residual. The 

analytical solutions of the developed 

thermal models have been used to carry out 

parametric studies and to establish the 

thermal performance enhancement of the 

rough fins over the existing smooth fins. 

The results showed that geometric ratio and 

the surface roughness of the fin enhance its 

thermal performance. The fin efficiency 

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

F
in

 e
ff

ic
ie

n
c
y
 r

a
ti
o
, 


r/ 
s
 

Relative rougness, 

 

 

 = 0.0

 = 0.1

 = 0.3

 = 0.5

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

F
in

 e
ff

ic
ie

n
c
y
 r

a
ti
o
, 


r/ 
s
 

Relative rougness, 

 

 

 = 0.0

 = 0.1

 = 0.3

 = 0.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

D
im

e
n
s
io

n
le

s
s
 t

e
m

p
e
ra

tu
re

 

 
n=1/4

n=1/3

n=2

n=3

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.975

0.98

0.985

0.99

0.995

1

D
im

e
n
s
io

n
le

s
s
 t

e
m

p
e
ra

tu
re

 

 
n=1

n=2

n=3

(a) (b) 

(a) (b) 



Galerkin Method of Weighted Residual to Study on Enhanced Heat Transfer                               Sobamowo et al. 

 

 

IJMMP (2018) 12-22 © JournalsPub 2018. All Rights Reserved                                                                 Page 21 

ratio is always greater than unity when the 

rough and the smooth fins are subjected to 

the same operations with the same 

geometrical, physical, thermal and material 

properties. Therefore, we establish that 

improved thermal management of 

electronic and thermal systems could be 

achieved using artificial rough surface fins 

or heat sink. 

 

NOMENCLATURE 
𝐴𝑏 Cross-sectional area at the fin base, 𝑚2  

𝐴𝑐 Cross-sectional area of the fin, 𝑚2
 

Ā𝑐 Average cross-sectional area of the rough fin, 

𝑚2 

𝐴𝑠 Surface area of the fin exposed to convection, 

𝑚2  

Ā𝑠 Average surface area of the rough fin exposed 

to convection, 𝑚2  

𝐵𝑖  Biot number, given by 2𝑟𝑏ℎ/𝑘 

𝐿 Fin length, 𝑚2  

𝑚 Thermo-geometric parameter, 𝑚−1 

𝑚𝜎 Mean absolute surface slope 

𝑀2 Extended Biot number, 

𝑛 Heat transfer coefficient constant 

𝑃 Fin perimeter, 𝑚 

𝑞 Heat transfer rate, 𝑊 

𝑟𝛿  Random variation of the fin radius in the 

angular direction, 𝑚 

𝑟𝑏 Radius at the fin base, 𝑚 

𝑟𝐿 Random variation of the fin radius in the 

longitudinal direction, 𝑚 

𝑇 Temperature, 𝐾 

𝑇𝑏  Base temperature, 𝐾 

 

GREEK SYMBOLS 
ℰ Relative roughness 

𝜂 Fin efficiency 

𝜆 Length of the arc of the fin profile, 𝑚 

𝜃 Dimensionless temperature  

𝜎 Isotropic surface roughness, 𝑚 

𝜎𝛿  Fin surface roughness in the angular direction, 

𝑚 

𝜎𝐿 Fin surface roughness in the longitudinal 

direction, 𝑚 

𝜉 Geometric ratio 

𝜓 Dimensionless coordinate 
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